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ABSTRACT
Constructive effects of noise have been well studied in spatially extended systems. In most of these studies, the
media are static, reaction-diffusion type, and the constructive effects are a consequence of the interplay between
local excitation due to noise perturbation and propagation of excitation due to diffusion. Many chemical or
biological processes occur in a fluid environment with mixing. In this paper, we investigate the interplay among
noise, excitability, diffusion and mixing in excitable media advected by a chaotic flow, in a 2D Fitz Hugh-Nagumo
model described by a set of reaction-advection-diffusion equations. Without stirring, noise can only generate non-
coherent excited patches of the static media. In the presence of stirring, we observe three dynamical and pattern
formation regimes: i.) Non-coherent excitation, when mixing is not strong enough to achieve synchronization
of independent excitations developed at different locations; ii.) Coherent global excitation, when the noise-
induced perturbation propagates by mixing and generates a synchronized excitation of the whole domain; and
iii.) Homogenization, when strong stirring dilutes quickly those noise-induced local excitations. In the presence
of an external sub-threshold periodic forcing, the period of the noise-sustained oscillations can be locked by
the forcing period with different ratios. Our results may be verified in experiments and find applications in
population dynamics of oceanic ecological systems.
Keywords: Excitable systems, static media, stirring, noise, coherent oscillation, periodic forcing, synchroniza-
tion
1. INTRODUCTION
Many biological and chemical systems are characterized by excitability. The system stays close to a quiescent
state when it is only slightly perturbed; however, when the perturbation exceeds some threshold, the system is
excited to generate a strong, spike-like response with a refractory period Tr before it goes back to the quiescent
state. In spatially extended systems of excitable cells, for example, in reaction-diffusion excitable media, local
excitations can propagate in the form of waves due to diffusion.
A very interesting topic with many implication is the response of excitable systems in the presence of noise.
In isolated excitable cells, noise can generate a sequence of spikes, separated by fluctuating interspike intervals
T. Importantly, there is an optimal intensity of noise where the fluctuation of T is reduced and the spiking
sequences become quite regular (periodic) with T T. This phenomenon, known as coherence 2
is a consequence of the competition between the noise-controlled excitation time and the refractory period T
which becomes irregular at rather strong noise levels.
Recently, strong attention has been shifted to spatially extended systems. In 1D or 2D arrays of coupled
excitable cells, cooperative interplay between noise-induced nucleation and propagation of excitation can induce
spatio-temporal stochastic resonance,3 or can enhance spatial synchronization4 and temporal coherence5'6 of
noise-sustained oscillations. Such array-enhanced coherence can also enhance synchronization of the systems to
weak external forcing.7 Noise can support wave propagations8'° in sub-excitable media due to a noise-induced
transition.11' 12
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In these studies, the media are static, and transport is governed by diffusion. In many systems, the media are
not static, but subject to a motion, for example, when stirred by a flow. In this case, usually diffusive transport
dominates at small spatial scales while mixing due to the flow is much faster at large scales. This occurs especially
in chemical reactions taking place in a fluid environment, conversion of pollutants in atmospheric flows or bloom
of plankton in oceanic currents.
In excitable media, chaotic mixing can amplify a sufficiently strong localized perturbation into filaments which
grow to fill the whole domain and induce a coherent global excitation of the media; while it dilutes and annihilates
smaller perturbations.'3' 14 Chaotic stirring and excitability are two features relevant to many physical, chemical
and biological systems. For example, the bloom of plankton in ocean fertilization experiments,'5' 16 can be
described by an initial value problem of an excitable model subjected to turbulent ocean currents.17 In such
systems, noise from some natural variability is inevitable. The birth and death processes of individuals are
intrinsically stochastic which becomes especially pronounced when the number of individuals is small. The
interaction of oceanic zooplankton with fish, which are far from being uniformly distributed, also introduces
randomness.18 In addition, several parameters can fluctuate irregularly in space and time. The depth of the
mixed layer, within which there is a strong vertical mixing, controls the average amount of light received and
thus the growth rate of the phytoplankton. Another parameter crucial for the phytoplankton productivity is the
iron concentration which can be elevated in surface waters after rain.19 In addition to random fluctuation of
parameters, there are also important regular changes of the parameters associated with the seasonal cycle.
The purpose of this paper is to investigate numerically the interplay among noise, excitability, diffusion and
mixing in a paradigmatic excitable model and examine the response of the media to an otherwise sub-threshold
weak periodic forcing. The paper is organized as follows: In Sect. 2 we describe the model employed in our
numerical simulations. We then discuss briefly the dynamics of static media (without stirring) in the presence of
noise in Sect. 3. Next we present different regimes of noise-induced pattern formation in the media with mixing
in Sect. 4. In Sect. 5 we study synchronization of the system to weak periodic forcing. Finally we conclude with
a discussion in Sect. 6.
2. MODEL
We employ the Fitz Hugh-Nagumo model in our numerical simulations. The system is described by the following
reaction-advection-diffusion equations:
+v(r,t) 1 = Ci(a— C1)(C1 — 1) — C2 + DV2C1, (1)
0C2
v(r, t) . VC2 = E(Ci — 3C2) + e(r, t) + DV2C2, (2)
where a is the excitation threshold, D is the diffusion constant and c << 1 controls the time scale of the slow
variable C2 . The spatially homogeneous system has a stable fixed point at (C1 ,C2) = (0, 0) , while it generates a
large excursion to a maximum C1 1 when perturbed over the threshold a. The noise (r, t) is Gaussian white
in space and time , satisfying ((r, t)e(ri, t1)) = 21'5(r — ri)S(t — t1), with F being its intensity.
We use a well-known standard model of chaotic advection2° for the flow v(r, t) , which is assumed to be
independent of the reaction:
L 2rryv(x,y,t) = sin(—---+qj), nT<t<nT+T/2 (3)
v(x, y, t) = sin( + j+1), nT + T/2 < t < (m + 1)T, (4)
describing a velocity field formed by sinusoidal shear flow alternating along the x and y direction for the first
and second half of the period T, respectively. The random phase q in each half period, uniformly distributed in
[0, 2rr], makes the velocity field aperiodic to avoid transport barriers typically present in time-periodic flows.20
Under the advection of such a flow, the fluid elements separate exponentially at a rate given by the largest
Lyapunov exponent2° having a value proportional to the stirring rate ii= 1/T.'3 The results below should be
generic to this class of unsteady laminar flows.
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Figure 1. Noise-excited random patterns in static media (v 0) at various noise levels F = 2 x 1Ob0. (a) c = 4, (b)
a = 6, and (c) c = 9.
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Figure 2 . Mean concentration (C1 ) of the static media at various noise levels as in Fig. 1.
We consider this system on the unit square (L = 1) with doubly periodic boundaries in the weak diffusion
case L2/(DT) >> 1. The parameters used in our simulations are a = 0.25, D = iO, = iO. The system is
integrated initially from the homogeneous steady state (HSS) (C1 , C2) = (0, 0) , using a semi-Lagrangian scheme
for the deterministic part; then an independent noise term where is a random number
from the normal distribution N(O, 1), is added to C2(i, j,t) at each grid point (i, i).'2 We fix Lt = 0.05 and
= L/600. We study the system behavior with respect to the noise intensity I' =2' x 10_b and the stirring
rate ii of the flow.
3. DYNAMICS OF STATIC MEDIA
First we describe briefly the dynamics of the static media (without stirring, v 0) in the presence of noise. In
general, for the weak diffusion D considered here, noise alone cannot generate a large-scale coherent behavior.
When noise is rather weak, the nucleation of excitation is very infrequent and thus is rare in the domain; the
excitations spread in the form of target waves. With increasing noise intensity, many simultaneous noise-induced
excitation centers diffuse to form a large scale excitation of the domain from the initial HSS. After this transient,
the domain relaxes to random patterns of small excited patches, as seen by a typical snapshot at a noise level
with a = 4.0 [Fig. 1(a)]. The number of excitation centers increases at larger noise intensities, however, the
patches do not grow to a scale comparable to the domain size L2 because noise also breaks up the wave fronts
[Fig. 1(b)]. At even larger noise the dynamics becomes more irregular [Fig. 1(c)]. In Fig. 2 we show the time
evolution of the spatial mean concentration (Ci ). After the transient, the mean concentration relaxes to some
almost constant values, indicating that repeated large scale coherent excitations of the media are not possible.
Such rather non-coherent patterns of excitation induced by noise at small D is quite different from coherent,
almost global oscillations in some regime of larger D.46'
4. DYNAMICAL REGIMES OF STIRRED MEDIA
Now we consider the dynamics of the media under different stirring rates v, with a fixed noise intensity F =
26 x iO (i.e., c = 6.0). The competition between stirring and diffusion results in characteristic spatial and time
time
1000 2000 3000
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Figure 3. Persistent non-coherent patterns at a small stirring rate ii = 0.02. The noise level is c = 6.0.
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Figure 4. Time series of the mean value (Ci ) (solid lines) and standard deviation crc (dotted lines) of the concentration
Ci(x,y) at various stirring rates: (a) v = 0.02, (b) v = 0.06, (c) ii = 0.10, (d) ii = 0.16 and (e) ii = 0.24. The noise level
is c = 6.0.
scales. There exists a minimal characteristic length scale l '- /(D/v) , over which there is fast homogenization
by mixing. A region of size 1o is homogenized by diffusion on a time scale r l/D 1/v. The noise level
controls the density of super-threshold perturbations created within a patch of size 1o during the time 'r. When
ii is small, the mixing is not strong enough, and both 1o and r are relatively large. In this case, there are
possibly many locations with super-threshold perturbations within a patch of size 1o ,and the patch may stay
super-threshold even after the homogenization by diffusion, forming a survived excitation center. If the mixing is
sufficiently strong, then the amount of perturbations within the smaller patch of size 1o during the shorter time
7_ may become sub-threshold by the homogenization and it decays. Due to this competition, we have observed
the following different regimes of pattern formation of the media depending on the stirring rate ii.
4.1. Non-coherent Excitation
When the stirring rate v is small, e.g. v =0.02, mixing by the flow is not strong compared to the diffusion. Many
noise-induced excitations at different spatial positions survive the mixing and spread similarly to those in the
static media. The main difference is that the excited patches have an elongated shape, since they are distorted
by the flow. The corresponding non-coherent patterns are thus composed of many random filament-like strips
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with a characteristic width '- 1o, as shown in Fig. 3. The time series of the mean concentration (C1) is quite
similar to the static media, but with some small oscillations, as seen in Fig. 4(a).
With an increasing stirring rate, e.g. v = 0.06, the mixing becomes stronger, so that some noise-induced
excitations decay to the background state instead of growing through diffusion. However, a few excitations can
develop at different locations and at different times. The mean concentration (Ci ) displays repeated oscillations
with fluctuating amplitudes, as shown in Fig. 4(b). Since the mixing is not strong enough to merge the filament-
like strips developed from different excitation centers, the whole domain does not achieve globally synchronized
coherent excitations after the transient starting from the initial HSS.
To see whether the excitation is coherent or not, we calculate the standard deviation crc of Ci (x, y) over the
whole domain as a function of time:
(t) = [(Ci(r,t)2) — (Ci(r,t))2]"2. (5)
(t) is shown in Fig. 4(b) along with (C1). It is seen that, for the first peak starting from many simultaneous
excitations out of the initial HSS, cr (t) drops very close to zero when (C1 )reaches its maximal value, indicating
a coherent global excitation of the whole domain. cr (t) continues to be close to zero during the slow relaxation
of the domain back to HSS. However, the mixing is not strong enough to maintain the synchronization. Some
parts of the domain become excited before coming back to the fixed point. The filament-like strips developed
from different excitation centers cannot merge to form another coherent global excitation of the domain. The
following peaks of (C1 ) are clearly lower than the first one, and ac (t) is well above zero, indicating non-coherent
excitations of the domain.
4.2. Coherent Global Excitation
With further increasing stirring rate, z-' 0.09, most of the local noise-induced super-threshold perturbations
decay when mixed quickly with the neighboring sub-threshold areas. However, at some moment, one or a
few large enough excitation centers survive the mixing almost simultaneously. They are elongated along the
trajectory of the flow and develop into filaments with a characteristic width lo.13 The filaments become denser
and denser to fill the whole domain. Later on, the whole domain starts to relax synchronously. Unlike in the
regime of non-coherent excitation, now mixing is strong enough to keep the domain almost fully synchronized till
it comes back to a close vicinity of HSS, where another round of simultaneous local excitations occur to generate
another coherent global excitation. The typical process of a coherent global excitation is shown in Fig. 5; the
process repeats to generate a noise-sustained coherent oscillation of the mean field (C1). (C1) is now composed
Figure 5. Development of filaments and formation of a coherent global excitation at ii= 0.10. The noise level is c = 6.0.
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Figure 6. Typical patterns in the homogenization regime at v =0.24. The noise level is a = 6.0.
of a train of large spikes with almost periodic intervals T and constant amplitudes (C1) 1, as seen in Fig. 4(c)
for ii = 0.1.
In this regime of coherent global excitation, noise is strong enough to induce sufficiently large excitation
centers, but importantly, it does not affect much the growth of the filaments to form a globally synchronized
excitation of the whole domain. Even more importantly, mixing is strong enough to maintain the synchronized
relaxation back to HSS for sustained coherent oscillations of the media. As we can see from the plot of crc
in Fig. 4(c), temporal desynchronization occurs when (C1) drops quickly from (C1) - 0.75 to (C1) —0.25,
as indicated by a small peak of crc. This temporal desynchronization is a result of noise in the system, which
does not occur in the noise-free media.'3 However, synchronization is quickly restored by strong enough mixing
during the slowly increasing phase of (C1).
The dynamics of coherent global excitation can be divided into a stochastic and a deterministic component.
The development of an excitation center is a stochastic process with a characteristic waiting time T. Afterwards,
the dynamics becomes essentially deterministic with an almost fixed refractory time Tr , as it is dominated by
the excitable reaction as in the noise-free media. With increasing v, on average it takes a longer waiting time
till a global excitation can develop in the stronger mixing case, so that the interval between repeated excitations
T = T + Tr increases, as seen in Fig. 4(d) for ii = 0.16. Close to a threshold value ii 0.22, T increases very
rapidly as a function of v; afterwards the system moves into an almost homogeneous regime.
4.3. Homogenization
For v 0.22, the mixing becomes so strong that noise-induced excitation cannot survive. (C1) shows only small
fluctuation around the fixed point (C1) = 0 [Fig. 4(e)]. Typical patterns in this regime are shown in Fig. 6. The
domain displays small fluctuation around the HSS [Fig. 6(a)]. Occasionally, local perturbations can develop into
excited filaments [Fig. 6(b)], which decay after some time without leading to a large scale excitation. Recently,
Vilar et al showed that fluctuations and turbulent stirring in the standard prey-predator models, around a stable
state, are able to account for field observation of oceanic plankton patchiness at mesoscale.'8 Our results in
this homogenization regime around the HSS should be consistent with Ref. 18 when characterized similarly with
spectra of the patchiness.
For a fixed stirring rate ii, with increasing noise intensity F, we can also observe the three regimes of homoge-
nization, coherent global excitation and non-coherent excitation. In Ref. 21, we have presented a phase diagram
of these three regimes.
5. PERIODIC FORCING
In the previous section, we have shown that there is a range of stirring rates ii where noise can generate a
coherent oscillation of the media. The period T of the oscillations, composed of a fluctuating stochastic waiting
time and a deterministic refractory period, is controlled by the stirring rate or the noise intensity. An interesting
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question is whether such noise-sustained oscillations can be entrained by a weak external forcing. To investigate
this problem, we include a spatially uniform periodic forcing in the model
+ v(r,t) . VC1 = Ci(a — C1)(C1 — 1) — C2 +Asint+ DV2C1, (6)
&C2
v(r,t) . VC2 = c(Ci — 3C2) + e(r,t) + DV2C2, (7)
where A is the amplitude and T0 is the period of the signal.
Without noise, the spatially homogeneous media do not respond to the periodic signals when the amplitude
A is below a threshold Ath whose value depends on the signal period T0. Above the threshold, the system may
produce one spike within each of the m (m = 1, 2, 3, . . .) periods of the signal, called as m : 1 resonant response.
We have shown in Fig. 7(a) the 1 : 1, 2 : 1 and 3 : 1 super-threshold response regions of the noise-free, spatially
homogeneous media.
Now let us fix the stirring rate at v = 0.10 (noise level c = 6.0) in the coherent global excitation regime.
Without forcing, A = 0, the noise-sustained oscillations [Fig. 4(c)] have a fluctuating period T = 668 30,
representing a degree of 4 — 5% of variability.
We first apply weak, sub-threshold signals with an amplitude A = 0.01. As depicted in Fig. 8, the media
can generate 1 : 1 (a), 2 : 1 (b) and 3 : 1 (c) locked oscillations, depending on the signal period T0. The spiking
sequences are not fully periodic due to the stochastic nature of the system, however, in all these examples, the
fluctuation of the interspike interval T is less than 1% of the mean values.
To have a more complete picture of the locking behavior, we record the interspike interval T for a long time
interval t0 = 5, 000 (to = 10,000 if T0 > 1000). This makes it possible to get 5—15 records of T values for
each value of T0 in spite of the large amount of computation time. We then plot the ratio T/T0 for all the
obtained intervals in Fig. 7(b). In this way, we can see regions of T0 where the ratio T/To is around i-n = 1, 2, 3,
exhibiting the in : 1 locking behavior when the signal period T0 is around 1/rn of the noise-sustained mean period
(T) 668. Between the locking regions of two different ratios, the spiking sequences have strongly scattered
intervals, corresponding to an un-locked, chaotic-like spiking behavior.
We have done the same for a stronger signal amplitude A = 0.025, which is super-threshold for 120 T0
1010, as can be seen in Fig. 7(a) and (c) . Here we have observed broader 1 : 1 and 2 : 1 locking regions. Compared
to the locking regions of the noise-free media (solid line in Fig. 7(c)) , we find that the locking behavior in the
presence of noise is quite different. For example, in the range 250 < T0 < 1000, the noise-free media have a 2 : 1
locking, while in the presence of noise, the locking ratio becomes 1 : 1. More interestingly, for T0 1300, we
have observed a 1 : 2 locking region. An example is shown in Fig. 8(d), where (C1) displays two spikes within
each period T0 of the signal, with alternating smaller and larger interval T1 + T2 = T0. Note that in this region,
the signal is sub-threshold. In fact, the 1 : 2 locking region is not present in the noise-free media at all.
To summarize this section, we have shown that noise has a significant influence on the response of the media
to external forcing. The system can produce a resonant response to sub-threshold signals which are otherwise
too weak to generate response in the noise-free media. Even for super-threshold signals, noise also significantly
reshapes the locking regions.
6. DISCUSSION AND OUTLOOK
In summary, the interplay among mixing, diffusion, excitability and noise can generate three types of dynamical
patterns: i.) Homogenization, when strong enough stirring dilutes quickly those noise-induced local excitations,
which in the motionless media will result in rather irregular patterns. ii.) Coherent global excitation, when the
flow enhances the coherence by propagating the excited phase in form of filaments which lead to a synchronized
excitation of the whole domain. In both cases, the chaotic mixing enhances the order of the noisy system. iii.)
Non-coherent excitation, if the coherence is lost when the stirring is not strong enough to maintain synchronized
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Figure 8. Resonant spiking sequences of the mean concentration (Ci) of the noisy media. The dotted lines indicate the
periodic signals. (a) 1: 1 locking at A = 0.010, T0 = 900; (b) 2 1 locking at A = 0.010, To = 300; (c) 3 : 1 locking at
A = 0.010, T0 = 200; (d) 1: 2 locking at A =0.025, T0 = 1600.
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Figure 7. The in : 1 (in = 1, 2, 3) super-threshold locking regimes of the periodically forced, noise-free spatially homo-
geneous media (a). Locking regions of the media at the noise level a = 6.0 and the stirring rate ii = o. 1 . The signal
amplitude is A = 0.01 (b) and A = 0.025 (c). Plotted in (b) and (c) by the circles is the ratio T/To between the interspike
interval T and the signal period T0. The vertical dashed lines in (b) denote 1/rn (in = 1, 2, 3) of the average period
(T) 668 of the noise-sustained oscillations at A = 0. The thick solid line in (c) shows the super-threshold locking
regions of the noise-free media at A = 0.025 as in (a). Note the log scale for T0.
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relaxation to the vicinity of the HSS. For a coherent global excitation, it is important that the system is only
clearly sensitive to noise when it is close to the steady state due to the excitability. The coherence is lost when
the dynamics is strongly influenced by noise during the relaxation period.
These results provide an explanation for experimentally observed stirring effects in the excitable Belousov-
Zhabotinsky 2223 Fluctuations of local reaction rates or heat release can induce oscillations of larger
and more erratic periods with increasing stirring rate, which become quenched at strong stirring rates.23
We have also shown that noise enhances the response of the stirred media to weak external signals. In
the coherent global excitation regime, noise-sustained oscillations have a characteristic period, which can be
entrained by periodic signals much weaker than the threshold. Compared to noise-free media, noise has generated
significantly different resonant response of the media to the signal. The locking property of the noise-sustained
oscillations is quite similar to self-sustained oscillatory systems due to a time scale matching condition.
It is interesting to apply our findings of noise-sustained oscillation and synchronization to the problem of
oceanic plankton bloom. For this purpose, we would like to employ a realistic excitable model for the plankton
dynamics.24 We also should consider a more sophisticated model for the oceanic turbulent flows or even the
different effects of inertia of phytoplankton and zooplankton.25 Hopefully, in such an investigation, we can
identify the effects of noise on synchronization of plankton bloom to external forcing of the seasonal cycles.
Research on this topic is ongoing.
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